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Summary 

In this paper we introduce a seismic migration method based on an optimization approach. 3C VSP 

seismic records are used as source data. As a result, a field of vector reflection coefficient is recovered. This 

3C coefficient represents an image of the media. There are two significant features of the proposed method. 

First, it uses input seismic traces as a source function in the back propagation problem. This allows us to use 

initial data recorded only on the well. Second, a strong separation between migration and inversion 

procedures guarantees an efficiency and stability of the algorithm constructed for a solution of the problem. 

It is clear that in this approach the seismic field migrated to any vertical line in an object domain can be 

processed by means of regular VSP techniques. So, reconstruction of the image of the media appears to be an 

inversion procedure applied to migrated data on every vertical line in an investigated geological section. For 

dipping horizons any other direction of the reconstructed profile may be applied. 3C surface data can be also 

migrated in the same way. 
 

Аннотация 

ɺ ʨʘʙʦʪʝ ʧʨʝʜʣʘʛʘʝʪʩʷ ʤʝʪʦʜ ʤʠʛʨʘʮʠʠ, ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʦʧʪʠʤʠʟʘʮʠʦʥʥʦʡ ʧʦʩʪʘʥʦʚʢʝ. ɺ ʢʘʯʝʩʪʚʝ 

ʠʩʭʦʜʥʳʭ ʜʘʥʥʳʭ ʠʩʧʦʣʴʟʫʶʪʩʷ ʪʨʝʭʢʦʤʧʦʥʝʥʪʥʳʝ ʪʨʘʩʩʳ ɺʉʇ. ɺ ʨʝʟʫʣʴʪʘʪʝ ʬʦʨʤʠʨʫʝʪʩʷ 

ʠʟʦʙʨʘʞʝʥʠʝ ʩʨʝʜʳ ʚ ʚʠʜʝ ʚʝʢʪʦʨʥʦʛʦ ʢʦʵʬʬʠʮʠʝʥʪʘ ʦʪʨʘʞʝʥʠʷ. ʄʝʪʦʜ ʭʘʨʘʢʪʝʨʠʟʫʝʪʩʷ ʜʚʫʤʷ 

ʦʩʥʦʚʥʳʤʠ ʯʝʨʪʘʤʠ. ɺʦ-ʧʝʨʚʳʭ, ʠʩʭʦʜʥʦʝ ʚʦʣʥʦʚʦʝ ʧʦʣʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʚ ʟʘʜʘʯʝ ʧʨʦʜʦʣʞʝʥʠʷ ʧʦʣʷ 

ʩ ʦʙʨʘʪʥʳʤ ʚʨʝʤʝʥʝʤ ʚ ʢʘʯʝʩʪʚʝ ʠʩʪʦʯʥʠʢʘ. ʕʪʦ ʧʦʟʚʦʣʷʝʪ ʠʩʧʦʣʴʟʦʚʘʪʴ ʪʦʣʴʢʦ ʜʘʥʥʳʝ, 

ʟʘʨʝʛʠʩʪʨʠʨʦʚʘʥʥʳʝ ʥʘ ʩʢʚʘʞʠʥʝ. ɺʦ-ʚʪʦʨʳʭ, ʯʝʪʢʦʝ ʨʘʟʜʝʣʝʥʠʝ ʵʪʘʧʦʚ ʤʠʛʨʘʮʠʠ ʠ ʠʥʚʝʨʩʠʠ 

ʛʘʨʘʥʪʠʨʫʝʪ ʵʬʬʝʢʪʠʚʥʦʩʪʴ ʠ ʫʩʪʦʡʯʠʚʦʩʪʴ ʘʣʛʦʨʠʪʤʘ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʧʨʠ ʪʘʢʦʤ 

ʧʦʜʭʦʜʝ ʧʨʦʜʦʣʞʝʥʥʦʝ ʧʦʣʝ ʤʦʞʝʪ ʙʳʪʴ ʧʦʜʚʝʨʛʥʫʪʦ ʩʪʘʥʜʘʨʪʥʦʡ ʦʙʨʘʙʦʪʢʝ ʜʘʥʥʳʭ ɺʉʇ ʥʘ ʣʶʙʦʤ 

ʚʝʨʪʠʢʘʣʴʥʦʤ ʩʝʯʝʥʠʠ ʠʩʩʣʝʜʫʝʤʦʡ ʦʙʣʘʩʪʠ, ʘ ʧʨʦʮʝʩʩ ʧʦʩʪʨʦʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʷ ʩʨʝʜʳ ʦʢʘʟʳʚʘʝʪʩʷ 

ʧʨʦʮʝʜʫʨʦʡ ʠʥʚʝʨʩʠʠ ʚ ʢʘʞʜʦʤ ʠʟ ʪʘʢʠʭ ʩʝʯʝʥʠʡ. ɺ ʩʣʫʯʘʝ ʥʘʢʣʦʥʥʳʭ ʛʨʘʥʠʮ ʤʦʛʫʪ ʙʳʪʴ 

ʠʩʧʦʣʴʟʦʚʘʥʳ ʩʝʯʝʥʠʷ ʧʨʦʠʟʚʦʣʴʥʳʭ ʥʘʧʨʘʚʣʝʥʠʡ. ʇʨʝʜʣʦʞʝʥʥʘʷ ʧʨʦʮʝʜʫʨʘ ʪʘʢʞʝ ʧʨʠʤʝʥʠʤʘ ʠ ʢ 

ʚʝʢʪʦʨʥʳʤ ʜʘʥʥʳʤ ʥʘʟʝʤʥʦʡ ʩʝʡʩʤʦʨʘʟʚʝʜʢʠ. 
 

1. Постановка задачи 

ɺ ʨʘʙʦʪʝ ʧʨʝʜʣʘʛʘʝʪʩʷ ʤʝʪʦʜ ʤʠʛʨʘʮʠʠ [1], ʦʩʥʦʚʘʥʥʳʡ ʥʘ ʦʧʪʠʤʠʟʘʮʠʦʥʥʦʡ ʧʦʩʪʘʥʦʚʢʝ. ɺ 

ʢʘʯʝʩʪʚʝ ʠʩʭʦʜʥʳʭ ʜʘʥʥʳʭ ʠʩʧʦʣʴʟʫʶʪʩʷ ʪʨʝʭʢʦʤʧʦʥʝʥʪʥʳʝ (ʚʝʢʪʦʨʥʳʝ) ʪʨʘʩʩʳ ɺʉʇ ʚ ʩʭʝʤʝ ʩ 

ʧʦʚʝʨʭʥʦʩʪʥʳʤ ʠʩʪʦʯʥʠʢʦʤ. ʇʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ ʘʧʨʠʦʨʥʦ ʟʘʜʘʚʘʝʤʘʷ ʦʧʦʨʥʘʷ ʤʦʜʝʣʴ ʩʨʝʜʳ 

ʧʨʘʚʠʣʴʥʦ ʦʪʨʘʞʘʝʪ ʦʩʥʦʚʥʳʝ ʩʢʦʨʦʩʪʥʳʝ ʧʘʨʘʤʝʪʨʳ ʨʘʟʨʝʟʘ. ʌʦʨʤʘ ʠʤʧʫʣʴʩʘ ʠʩʪʦʯʥʠʢʘ ʩʯʠʪʘʝʪʩʷ 

ʥʝʠʟʚʝʩʪʥʦʡ. 

ʇʨʝʞʜʝ ʯʝʤ ʧʝʨʝʭʦʜʠʪʴ ʢ ʤʘʪʝʤʘʪʠʯʝʩʢʦʡ ʧʦʩʪʘʥʦʚʢʝ ʟʘʜʘʯʠ, ʜʘʜʠʤ ʢʘʯʝʩʪʚʝʥʥʦʝ ʦʧʠʩʘʥʠʝ 

ʧʨʝʜʣʘʛʘʝʤʦʛʦ ʧʦʜʭʦʜʘ. ʇʝʨʚʳʤ ʦʩʥʦʚʥʳʤ ʤʦʤʝʥʪʦʤ ʤʝʪʦʜʘ ʷʚʣʷʝʪʩʷ ʪʦ, ʯʪʦ ʟʘʨʝʛʠʩʪʨʠʨʦʚʘʥʥʦʝ ʥʘ 

ʩʢʚʘʞʠʥʝ ʚʦʣʥʦʚʦʝ ʧʦʣʝ ʠʩʧʦʣʴʟʫʝʪʩʷ ʥʝ ʢʘʢ ʢʨʘʝʚʦʝ ʫʩʣʦʚʠʝ [2], ʘ ʢʘʢ ʠʩʪʦʯʥʠʢ ʚʦʣʥ ʚ ʟʘʜʘʯʝ 

ʧʨʦʜʦʣʞʝʥʠʷ ʩ ʦʙʨʘʪʥʳʤ ʚʨʝʤʝʥʝʤ. ʊʘʢʦʡ ʧʦʜʭʦʜ ʪʝʦʨʝʪʠʯʝʩʢʠ ʩʥʠʤʘʝʪ ʧʨʦʙʣʝʤʫ ʟʘʜʘʥʠʷ ʠʩʭʦʜʥʦʡ 

ʠʥʬʦʨʤʘʮʠʠ ʧʨʠ ʥʝʧʦʣʥʦʡ ʘʧʝʨʪʫʨʝ ʠ ʟʥʘʥʠʷ ʚʳʚʦʜʷʱʠʭ ʧʨʦʠʟʚʦʜʥʳʭ. 

ɺʪʦʨʦʡ ʦʩʥʦʚʥʦʡ ʯʝʨʪʦʡ ʧʨʝʜʣʘʛʘʝʤʦʛʦ ʤʝʪʦʜʘ ʷʚʣʷʝʪʩʷ ʯʝʪʢʦʝ ʨʘʟʜʝʣʝʥʠʝ ʵʪʘʧʦʚ ʤʠʛʨʘʮʠʠ ʠ 

ʠʥʚʝʨʩʠʠ ʚʝʢʪʦʨʥʳʭ ʧʦʣʝʡ. ɼʝʣʦ ʚ ʪʦʤ, ʯʪʦ ʧʨʦʜʦʣʞʝʥʠʝ ʩʝʡʩʤʠʯʝʩʢʦʛʦ ʧʦʣʷ ʩʦ ʩʢʚʘʞʠʥʳ ʚ 

ʦʧʦʨʥʫʶ ʩʨʝʜʫ ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʦʡ ʟʘʜʘʯʝʡ. ʅʝʩʤʦʪʨʷ ʥʘ ʪʦ, ʯʪʦ ʵʪʘ ʟʘʜʘʯʘ ʥʝʢʦʨʨʝʢʪʥʘ, ʫʜʘʝʪʩʷ 

ʧʦʩʪʨʦʠʪʴ ʫʩʪʦʡʯʠʚʳʡ ʤʝʪʦʜ ʝʝ ʨʝʰʝʥʠʷ. ɿʘʜʘʯʘ ʧʦʩʪʨʦʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʷ ʩʨʝʜʳ, ʪʦ ʝʩʪʴ ʠʥʚʝʨʩʠʷ 

ʧʨʦʜʦʣʞʝʥʥʦʛʦ ʧʦʣʷ, ʷʚʣʷʝʪʩʷ ʥʝʣʠʥʝʡʥʦʡ ʠ ʪʘʢʞʝ ʥʝʢʦʨʨʝʢʪʥʦʡ. ʇʦʩʢʦʣʴʢʫ ʜʣʷ ʨʝʰʝʥʠʷ ʵʪʦʡ 

ʟʘʜʘʯʠ ʤʦʞʥʦ ʧʨʠʚʣʝʯʴ ʩʫʱʝʩʪʚʝʥʥʫʶ ʘʧʨʠʦʨʥʫʶ ʠʥʬʦʨʤʘʮʠʶ ʦ ʩʨʝʜʝ, ʪʦ ʪʘʢʦʝ ʨʘʟʜʝʣʝʥʠʝ 



ʤʠʛʨʘʮʠʠ ʠ ʠʥʚʝʨʩʠʠ ʦʢʘʟʳʚʘʝʪʩʷ ʥʘʠʙʦʣʝʝ ʵʬʬʝʢʪʠʚʥʳʤ. ʂʨʦʤʝ ʪʦʛʦ, ʧʨʠ ʪʘʢʦʤ ʧʦʜʭʦʜʝ 

ʧʨʦʜʦʣʞʝʥʥʦʝ ʧʦʣʝ ʧʦʜʚʝʨʛʘʝʪʩʷ ʦʙʨʘʙʦʪʢʝ ʚ ʨʝʞʠʤʝ ʩʪʘʥʜʘʨʪʥʦʡ ʠʥʪʝʨʧʨʝʪʘʮʠʠ ʜʘʥʥʳʭ ɺʉʇ ʥʘ 

ʩʢʚʘʞʠʥʝ. ʊʘʢʘʷ ʩʢʚʘʞʠʥʘ ʷʚʣʷʝʪʩʷ, ʦʯʝʚʠʜʥʦ, ʚʦʦʙʨʘʞʘʝʤʦʡ, ʘ ʩʘʤ ʧʨʦʮʝʩʩ ʧʦʩʪʨʦʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʷ 

ʩʨʝʜʳ ʦʢʘʟʳʚʘʝʪʩʷ ʧʨʦʮʝʜʫʨʦʡ ʠʥʚʝʨʩʠʠ ʚ ʢʘʞʜʦʤ ʠʟ ʩʝʯʝʥʠʡ, ʢʘʢ ʧʨʘʚʠʣʦ, ʚʝʨʪʠʢʘʣʴʥʦʤ. 

ʇʫʩʪʴ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʝ ʫʧʨʫʛʠʭ ʚʦʣʥ ʚ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʦʙʣʘʩʪʠ  ʦʧʠʩʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ 

 
0

, , [ , ] ,
t t

L t t Tu u f r  

ʛʜʝ u(r ,t) ð ʚʝʢʪʦʨ ʩʤʝʱʝʥʠʡ, L ð ʦʧʝʨʘʪʦʨ ʃʘʤʵ ʚ ʥʝʦʜʥʦʨʦʜʥʦʡ ʩʨʝʜʝ, f(r ,t) ð ʠʩʪʦʯʥʠʢ 

ʢʦʣʝʙʘʥʠʡ. ʆʧʝʨʘʪʦʨ ʫʧʨʫʛʦʩʪʠ L ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʥʝʠʟʚʝʩʪʥʦʡ ʩʨʝʜʝ ʩ ʘʢʫʩʪʠʯʝʩʢʦʡ ʞʝʩʪʢʦʩʪʴʶ  = 

(k), ʢʦʪʦʨʦʡ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʚʝʢʪʦʨʥʳʡ ʢʦʵʬʬʠʮʠʝʥʪ ʦʪʨʘʞʝʥʠʷ k(r ) =  (2 )
ī1

. 

ɿʘʜʘʥʠʝ ʦʧʦʨʥʦʡ ʤʦʜʝʣʠ ʩʨʝʜʳ ʩ ʞʝʩʪʢʦʩʪʴʶ 0, ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʡ ʢʦʵʬʬʠʮʠʝʥʪʫ ʦʪʨʘʞʝʥʠʷ k0, 

ʦʧʨʝʜʝʣʷʝʪ L
0
 ʪʘʢʦʡ, ʯʪʦ 

 
0

0

Ĕ
, , [ , ] ,

t t
L t t Tu u R k f r  (1.1) 

ʛʜʝ ĔR  ï ʪʝʥʟʦʨ, ʚʳʨʘʞʘʶʱʠʡʩʷ ʯʝʨʝʟ ʪʝʥʟʦʨ ʥʘʧʨʷʞʝʥʠʡ 
0

Ĕ( )ů u , u
0
 ï ʨʝʰʝʥʠʝ (1.1) ʧʨʠ k = k

0
. 

ʅʘ ʛʨʘʥʠʮʝ ʦʙʣʘʩʪʠ  ʟʘʜʘʶʪʩʷ ʜʠʩʩʠʧʘʪʠʚʥʳʝ ʫʩʣʦʚʠʷ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʦʪʩʫʪʩʪʚʠʶ 

ʦʪʨʘʞʝʥʥʳʭ ʚʦʣʥ. ʅʘʯʘʣʴʥʳʝ ʫʩʣʦʚʠʷ ʧʦʣʘʛʘʶʪʩʷ ʥʫʣʝʚʳʤʠ. ɺ ʢʘʯʝʩʪʚʝ ʠʩʭʦʜʥʦʡ ʠʥʬʦʨʤʘʮʠʠ ʜʣʷ 

ʧʨʦʮʝʜʫʨʳ ʤʠʛʨʘʮʠʠ ʟʘʜʘʝʪʩʷ ʚʝʢʪʦʨʥʦʝ ʧʦʣʝ ʩʤʝʱʝʥʠʡ ʥʘ ʩʢʚʘʞʠʥʝ ï ʤʥʦʞʝʩʪʚʝ 1  : 

 
1

( , ) ( , ) , , [ 0 , ] .t t t Tu r u r r  

ʆʢʦʥʯʘʪʝʣʴʥʦʡ ʟʘʜʘʯʝʡ ʷʚʣʷʝʪʩʷ ʧʦʩʪʨʦʝʥʠʝ ʠʟʦʙʨʘʞʝʥʠʷ ʩʨʝʜʳ ʩ ʘʢʫʩʪʠʯʝʩʢʠʤ ʠʤʧʝʜʘʥʩʦʤ (k) 

ʠ ʦʧʨʝʜʝʣʝʥʠʝ ʚʝʢʪʦʨʥʦʛʦ ʢʦʵʬʬʠʮʠʝʥʪʘ k(r) ʚ ʢʘʞʜʦʡ ʪʦʯʢʝ r  ʦʙʣʘʩʪʠ \ 0. 
 

2. Продолжение волнового поля 

ɹʫʜʝʤ ʠʩʢʘʪʴ ʧʨʦʜʦʣʞʝʥʠʝ ʚʦʣʥʦʚʦʛʦ ʧʦʣʷ u  ʩ ʤʥʦʞʝʩʪʚʘ 1 ʥʘ  ʢʘʢ ʪʘʢʦʝ ʧʦʣʝ, ʢʦʪʦʨʦʝ, ʩ 

ʦʜʥʦʡ ʩʪʦʨʦʥʳ, ʥʘʠʤʝʥʝʝ ʫʢʣʦʥʷʝʪʩʷ ʦʪ u  ʥʘ 1, ʘ ʩ ʜʨʫʛʦʡ, ʷʚʣʷʝʪʩʷ ʚʦʣʥʦʚʳʤ ʧʦʣʝʤ ʚ ʦʙʣʘʩʪʠ 

\ 1. ʇʨʦʜʦʣʞʝʥʥʦʝ ʪʘʢʠʤ ʦʙʨʘʟʦʤ ʧʦʣʝ u(r ,t) ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʩʣʝʜʫʶʱʝʡ ʚʘʨʠʘʮʠʦʥʥʦʡ ʟʘʜʘʯʠ 

ʩ ʦʛʨʘʥʠʯʝʥʠʷʤʠ: 
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ʠ ʚʳʧʦʣʥʷʶʪʩʷ ʜʠʩʩʠʧʘʪʠʚʥʳʝ ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ. 

ɼʣʷ ʨʝʰʝʥʠʷ ʵʪʦʡ ʚʘʨʠʘʮʠʦʥʥʦʡ ʟʘʜʘʯʠ ʠʩʧʦʣʴʟʦʚʘʥ ʤʝʪʦʜ ʤʥʦʞʠʪʝʣʝʡ ʃʘʛʨʘʥʞʘ.  

ʀʟ ʨʘʩʩʤʦʪʨʝʥʠʷ ʚʘʨʠʘʮʠʦʥʥʦʡ ʟʘʜʘʯʠ ʤʦʞʥʦ ʥʘʡʪʠ g r a d  ( )J u . ɿʥʘʥʠʝ ʛʨʘʜʠʝʥʪʘ ʬʫʥʢʮʠʦʥʘʣʘ 

J(u) ʧʦʟʚʦʣʷʝʪ ʧʦʩʪʨʦʠʪʴ ʧʨʦʜʦʣʞʝʥʥʦʝ ʧʦʣʝ ʥʘ ʦʩʥʦʚʝ ʠʪʝʨʘʮʠʦʥʥʦʛʦ ʤʝʪʦʜʘ ʤʠʥʠʤʠʟʘʮʠʠ. 

ʇʨʘʢʪʠʢʘ ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʫʞʝ ʧʝʨʚʘʷ ʠʪʝʨʘʮʠʷ ʜʘʝʪ ʜʦʩʪʘʪʦʯʥʦ ʭʦʨʦʰʝʝ ʧʨʠʙʣʠʞʝʥʠʝ ʢ 

ʧʨʦʜʦʣʞʝʥʥʦʤʫ ʧʦʣʶ. ʕʪʦ ʦʙʲʷʩʥʷʝʪʩʷ ʪʝʤ, ʯʪʦ ʧʝʨʚʘʷ ʠʪʝʨʘʮʠʷ ʧʦʣʥʦʩʪʴʶ ʩʦʜʝʨʞʠʪ ʠʥʬʦʨʤʘʮʠʶ 

ʦʙ ʦʜʥʦʢʨʘʪʥʦ ʦʪʨʘʞʝʥʥʳʭ ʚʦʣʥʘʭ.  

ɼʣʷ ʥʘʯʘʣʘ ʧʨʦʮʝʜʫʨʳ ʤʠʥʠʤʠʟʘʮʠʠ ʪʨʝʙʫʝʪʩʷ ʟʘʜʘʪʴ ʥʘʯʘʣʴʥʦʝ ʧʨʠʙʣʠʞʝʥʠʝ u
0
. ɿʘʜʘʜʠʤ ʝʛʦ 

ʢʘʢ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ 
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1
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t t
L t Tu u u u r  (2.2) 

ʩ ʥʫʣʝʚʳʤʠ ʥʘʯʘʣʴʥʳʤʠ ʫʩʣʦʚʠʷʤʠ ʧʨʠ t = T ʠ ʜʠʩʩʠʧʘʪʠʚʥʳʤʠ ʛʨʘʥʠʯʥʳʤʠ ʫʩʣʦʚʠʷʤʠ. 

ʀʟ (2.1)ï(2.2) ʥʘʭʦʜʠʤ, ʯʪʦ 
0

g r a d  ( )
t

J u u . ʆʪʩʶʜʘ, ʩʦʛʣʘʩʥʦ ʤʝʪʦʜʫ ʩʧʫʩʢʘ ʧʨʠ ʰʘʛʝ 0, ʠʤʝʝʤ 
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0
, , [ 0 , ] .
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3. Инверсия продолженного поля 

ɿʘʜʘʯʫ ʧʦʩʪʨʦʝʥʠʷ ʠʟʦʙʨʘʞʝʥʠʷ ʩʨʝʜʳ ʧʦ ʚʝʢʪʦʨʥʦʤʫ ʧʦʣʶ, ʟʘʨʝʛʠʩʪʨʠʨʦʚʘʥʥʦʤʫ ʥʘ ʩʢʚʘʞʠʥʝ, 

ʩʬʦʨʤʫʣʠʨʫʝʤ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. ʅʘʡʪʠ ʪʘʢʦʡ ʢʦʵʬʬʠʮʠʝʥʪ ʦʪʨʘʞʝʥʠʷ k(r) ʚ ʦʙʣʘʩʪʠ , ʯʪʦʙʳ 

ʩʦʦʪʚʝʪʩʪʚʫʶʱʝʝ ʝʤʫ ʧʦʣʝ u = uk ʥʘʠʤʝʥʝʝ ʫʢʣʦʥʷʣʦʩʴ ʦʪ u  ʥʘ 1 ʧʨʠ t  [0,T]. ʊʘʢʘʷ ʧʦʩʪʘʥʦʚʢʘ 

ʧʨʠʚʦʜʠʪ ʢ ʟʘʜʘʯʝ ʤʠʥʠʤʠʟʘʮʠʠ ʧʦ k ʬʫʥʢʮʠʦʥʘʣʘ 
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L t Tu u r  (3.1) 

ʆʯʝʚʠʜʥʦ, ʯʪʦ ʨʝʰʝʥʠʝ ʵʪʦʡ ʟʘʜʘʯʠ ʧʨʠʚʦʜʠʪ ʢ ʪʘʢʦʤʫ ʞʝ ʨʝʟʫʣʴʪʘʪʫ, ʯʪʦ ʠ ʠʥʚʝʨʩʠʷ 

ʧʨʦʜʦʣʞʝʥʥʦʛʦ ʧʦʣʷ. ʌʫʥʢʮʠʦʥʘʣ (2.1), ʦʧʨʝʜʝʣʷʶʱʠʡ ʧʨʦʜʦʣʞʝʥʥʦʝ ʧʦʣʝ, ʷʚʣʷʝʪʩʷ ʢʚʘʜʨʘʪʠʯʥʳʤ, 



ʘ (3.1) ʥʝʪ, ʧʦʵʪʦʤʫ ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (2.1) ʧʨʝʜʧʦʯʪʠʪʝʣʴʥʝʝ. ʉʣʝʜʫʝʪ ʟʘʤʝʪʠʪʴ, ʯʪʦ ʬʫʥʢʮʠʦʥʘʣ (3.1) 

ʦʙʣʘʜʘʝʪ ʩʣʝʜʫʶʱʠʤ ʚʘʞʥʳʤ ʩʚʦʡʩʪʚʦʤ, ʚʳʪʝʢʘʶʱʠʤ ʠʟ ʧʨʠʨʦʜʳ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʡ ʟʘʜʘʯʠ. ɽʩʣʠ u  

ʟʘʜʘʥʦ ʪʦʯʥʦ, ʪʦ (3.1) ʠʤʝʝʪ ʝʜʠʥʩʪʚʝʥʥʫʶ ʪʦʯʢʫ ʤʠʥʠʤʫʤʘ, ʚ ʢʦʪʦʨʦʡ min = 0. 

ɸʥʘʣʠʟ ʧʨʦʜʦʣʞʝʥʥʦʛʦ ʧʦʣʷ ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʝʛʦ ʦʩʦʙʝʥʥʦʩʪʠ ʦʪʨʘʞʘʶʪ ʥʘʣʠʯʠʝ ʨʘʩʩʝʠʚʘʪʝʣʝʡ ʚ 

ʦʧʦʨʥʦʡ ʩʨʝʜʝ. ɼʣʷ ʠʭ ʦʧʨʝʜʝʣʝʥʠʷ ʨʘʩʩʤʦʪʨʠʤ ʧʨʦʮʝʜʫʨʫ ʤʠʥʠʤʠʟʘʮʠʠ ʬʫʥʢʮʠʦʥʘʣʘ (3.1) ʩ 

ʧʦʤʦʱʴʶ ʤʝʪʦʜʘ ʛʨʘʜʠʝʥʪʥʦʛʦ ʩʧʫʩʢʘ. ʇʨʠ ʧʦʩʪʨʦʝʥʠʠ ʛʨʘʜʠʝʥʪʘ (k) ʠʩʧʦʣʴʟʫʝʤ ʤʝʪʦʜ 

ʤʥʦʞʠʪʝʣʝʡ ʃʘʛʨʘʥʞʘ. ʆʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ ʤʥʦʞʠʪʝʣʴ ʃʘʛʨʘʥʞʘ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʪʦʡ ʞʝ ʟʘʜʘʯʝ ʩ 

ʦʙʨʘʪʥʳʤ ʚʨʝʤʝʥʝʤ, ʯʪʦ ʠ ʜʣʷ ʧʨʦʜʦʣʞʝʥʥʦʛʦ ʧʦʣʷ. 

ɼʝʪʘʣʴʥʦʝ ʨʘʩʩʤʦʪʨʝʥʠʝ ʟʘʜʘʯʠ ʤʠʥʠʤʠʟʘʮʠʠ (k) ʧʦʟʚʦʣʷʝʪ ʵʬʬʝʢʪʠʚʥʦ ʨʝʰʠʪʴ ʟʘʜʘʯʫ 

ʧʦʩʪʨʦʝʥʠʷ g r a d  ( )k . ʄʝʪʦʜ ʛʨʘʜʠʝʥʪʥʦʛʦ ʩʧʫʩʢʘ ʚ ʪʦʯʢʝ k
0
 ʜʘʝʪ ʩʣʝʜʫʶʱʠʡ ʨʝʟʫʣʴʪʘʪ: 
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ʌʦʨʤʫʣʘ (3.2) ʧʦʢʘʟʳʚʘʝʪ, ʯʪʦ ʧʨʦʜʦʣʞʝʥʥʦʝ ʚʦʣʥʦʚʦʝ ʧʦʣʝ ʦʜʥʦʟʥʘʯʥʦ ʦʧʨʝʜʝʣʷʝʪ ʚʝʢʪʦʨʥʳʡ 

ʢʦʵʬʬʠʮʠʝʥʪ ʦʪʨʘʞʝʥʠʷ. ɿʘʤʝʪʠʤ, ʯʪʦ ʚ ʦʜʥʦʤʝʨʥʦʤ ʩʢʘʣʷʨʥʦʤ ʚʘʨʠʘʥʪʝ ʬʦʨʤʫʣʘ (3.2) ʜʘʝʪ: 
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ʛʜʝ ʚʝʣʠʯʠʥʘ c(k
0
) ʵʬʬʝʢʪʠʚʥʦ ʦʧʨʝʜʝʣʷʝʪʩʷ.  

 

4. Численное моделирование 

ɼʣʷ ʦʧʨʦʙʦʚʘʥʠʷ ʨʘʟʨʘʙʦʪʘʥʥʦʛʦ ʤʝʪʦʜʘ ʙʳʣ ʧʨʦʚʝʜʝʥ ʩʣʝʜʫʶʱʠʡ ʚʳʯʠʩʣʠʪʝʣʴʥʳʡ ʵʢʩʧʝʨʠʤʝʥʪ 

ɺ ʩʨʝʜʝ ʩ ʦʜʥʦʡ ʛʦʨʠʟʦʥʪʘʣʴʥʦʡ ʛʨʘʥʠʮʝʡ ʨʘʟʜʝʣʘ ʜʣʷ ʠʩʪʦʯʥʠʢʘ ʧʨʦʜʦʣʴʥʳʭ ʚʦʣʥ, ʨʘʩʧʦʣʦʞʝʥʥʦʤ 

ʥʘ ʫʜʘʣʝʥʠʠ 500 ʤ ʦʪ ʚʝʨʪʠʢʘʣʴʥʦʡ ʩʢʚʘʞʠʥʳ ʨʘʩʩʯʠʪʘʥʦ ʚʝʢʪʦʨʥʦʝ ʧʦʣʝ ɺʉʇ (ʨʠʩ.1) ʚ ʠʥʪʝʨʚʘʣʝ 

ʛʣʫʙʠʥ 10ï870 ʤ. ʉʢʦʨʦʩʪʠ ʧʨʦʜʦʣʴʥʳʭ ʚʦʣʥ ʚ ʚʝʨʭʥʝʤ ʠ ʥʠʞʥʝʤ ʩʣʦʝ ʨʘʚʥʳ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ 2000 

ʤ/ʩ ʠ 3000 ʤ/ʩ, ʩʢʦʨʦʩʪʠ ʧʦʧʝʨʝʯʥʳʭ ʚʦʣʥ ʚʟʷʪʳ ʚʜʚʦʝ ʤʝʥʴʰʠʤʠ, ʧʣʦʪʥʦʩʪʴ ʚʦ ʚʩʝʡ ʦʙʣʘʩʪʠ 

ʧʦʩʪʦʷʥʥʘ. 
 

 
ʈʠʩ.1. ʄʦʜʝʣʴʥʦʝ ʚʦʣʥʦʚʦʝ ʧʦʣʝ. ʉʣʝʚʘ x-ʢʦʤʧʦʥʝʥʪʘ, ʩʧʨʘʚʘ z-ʢʦʤʧʦʥʝʥʪʘ. 

 

ʈʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʷ ʫʧʨʫʛʠʭ ʢʦʣʝʙʘʥʠʡ ʦʩʫʱʝʩʪʚʣʷʣʦʩʴ ʤʝʪʦʜʦʤ ʢʦʥʝʯʥʳʭ 

ʨʘʟʥʦʩʪʝʡ ʩ ʧʨʠʤʝʥʝʥʠʝʤ ʢʦʥʩʝʨʚʘʪʠʚʥʦʡ ʨʘʟʥʦʩʪʥʦʡ ʩʭʝʤʳ [3]. ʈʘʟʤʝʨ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦʡ ʷʯʝʡʢʠ ʧʦ 

ʦʙʝʠʤ ʢʦʦʨʜʠʥʘʪʘʤ ʧʦʣʦʞʝʥ ʨʘʚʥʳʤ 1 ʤ, ʰʘʛ ʜʠʩʢʨʝʪʠʟʘʮʠʠ ʧʦ ʚʨʝʤʝʥʠ ð 0.2 ʤʩ. ɼʣʷ ʠʩʢʣʶʯʝʥʠʷ 

ʚʣʠʷʥʠʷ ʛʨʘʥʠʮ ʨʘʩʯʝʪʥʦʡ ʦʙʣʘʩʪʠ ʥʘ ʨʝʟʫʣʴʪʘʪ ʤʦʜʝʣʠʨʦʚʘʥʠʷ ʙʳʣʠ ʠʩʧʦʣʴʟʦʚʘʥʳ ʥʝʦʪʨʘʞʘʶʱʠʝ 

ʢʨʘʝʚʳʝ ʫʩʣʦʚʠʷ ʚʪʦʨʦʛʦ ʧʦʨʷʜʢʘ [4]. 

ɺʦʣʥʦʚʦʝ ʧʦʣʝ, ʚʳʯʠʩʣʝʥʥʦʝ ʧʨʦʜʦʣʞʝʥʠʝʤ ʚ ʦʙʨʘʪʥʦʤ ʚʨʝʤʝʥʠ ʥʘ ʬʠʢʪʠʚʥʦʤ ʧʨʦʬʠʣʝ, 

ʫʜʘʣʝʥʥʦʤ ʥʘ 100 ʤ ʦʪ ʩʢʚʘʞʠʥʳ ʚ ʩʪʦʨʦʥʫ ʧʫʥʢʪʘ ʚʦʟʙʫʞʜʝʥʠʷ, ʧʨʠʚʝʜʝʥʦ ʥʘ ʨʠʩ.2. ʀʟʦʙʨʘʞʝʥʠʝ 

ʩʨʝʜʳ ʚ ʬʦʨʤʝ ʚʝʢʪʦʨʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʦʪʨʘʞʝʥʠʷ ʩʬʦʨʤʠʨʦʚʘʥʦ ʧʦ ʫʧʨʦʱʝʥʥʦʤʫ ʘʣʛʦʨʠʪʤʫ ʚ 

ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ (3.3). ʈʝʟʫʣʴʪʠʨʫʶʱʠʝ ʠʟʦʙʨʘʞʝʥʠʷ ʚ ʜʚʫʭ ʢʦʤʧʦʥʝʥʪʘʭ ʧʦʢʘʟʘʥʳ ʥʘ ʨʠʩ.3.  



 
ʈʠʩ.2. ʇʨʦʜʦʣʞʝʥʥʦʝ ʚʦʣʥʦʚʦʝ ʧʦʣʝ (ʦʙʨʘʪʥʦʝ ʚʨʝʤʷ). ʉʣʝʚʘ x-ʢʦʤʧʦʥʝʥʪʘ, ʩʧʨʘʚʘ z-ʢʦʤʧʦʥʝʥʪʘ. 

 

 
ʈʠʩ.3. ʀʟʦʙʨʘʞʝʥʠʝ ʨʘʟʨʝʟʘ. ʉʣʝʚʘ x-ʢʦʤʧʦʥʝʥʪʘ, ʩʧʨʘʚʘ z-ʢʦʤʧʦʥʝʥʪʘ ʢʦʵʬʬʠʮʠʝʥʪʘ ʦʪʨʘʞʝʥʠʷ. 

 

5. Выводы 

ɺ ʨʘʙʦʪʝ ʧʨʝʜʣʦʞʝʥ ʤʝʪʦʜ ʤʠʛʨʘʮʠʠ 3C ʚʦʣʥʦʚʳʭ ʧʦʣʝʡ, ʧʦʟʚʦʣʷʶʱʠʡ ʩʪʨʦʠʪʴ ʠʟʦʙʨʘʞʝʥʠʝ 

ʩʨʝʜʳ, ʷʚʣʷʶʱʝʝʩʷ, ʧʦ ʩʫʪʠ, ʚʝʢʪʦʨʥʳʤ ʢʦʵʬʬʠʮʠʝʥʪʦʤ ʦʪʨʘʞʝʥʠʷ. ʈʝʟʫʣʴʪʘʪ ʧʦʜʪʚʝʨʞʜʝʥ ʢʘʢ 

ʪʝʦʨʝʪʠʯʝʩʢʠ, ʪʘʢ ʠ ʚʳʯʠʩʣʠʪʝʣʴʥʳʤ ʵʢʩʧʝʨʠʤʝʥʪʦʤ. ɸʚʪʦʨʳ ʧʦʣʘʛʘʶʪ, ʯʪʦ ʚʦʟʤʦʞʥʦ ʧʦʣʫʯʝʥʠʝ 

ʘʥʘʣʦʛʠʯʥʦʛʦ ʠʟʦʙʨʘʞʝʥʠʷ ʜʣʷ ʢʦʵʬʬʠʮʠʝʥʪʘ ʦʪʨʘʞʝʥʠʷ ʜʣʷ ʧʦʧʝʨʝʯʥʳʭ ʚʦʣʥ. ʂʨʦʤʝ ʪʦʛʦ, 

ʚʦʟʤʦʞʥʦ ʧʨʠʤʝʥʝʥʠʝ ʪʘʢʦʛʦ ʧʦʜʭʦʜʘ ʠ ʢ ʪʨʝʭʢʦʤʧʦʥʝʥʪʥʳʤ ʜʘʥʥʳʤ ʥʘʟʝʤʥʦʡ ʩʝʡʩʤʦʨʘʟʚʝʜʢʠ. 
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