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Îäíîìåðíûå îáðàòíûå çàäà÷è

Óðàâíåíèÿ è ñèñòåìû ãèïåðáîëè÷åñêîãî òèïà

wtt = c2(x)wxx , wtt = wxx − q(x)w ,

{
vt + vx + z(x)u = 0

ut − ux − z(x)v = 0
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Ìàòåìàòè÷åñêàÿ ìîäåëü

Óðàâíåíèÿ àêóñòèêè

ρ(R)vt = −∇P, Pt = −ρ(R)a2(R) div v, R ∈ R3
+

R3
+ = {ξ, η, ζ | ζ > 0, −∞ < ξ, η <∞}

ρ � ïëîòíîñòü, a � ñêîðîñòü, σ = aρ � àêóñòè÷åñêàÿ æåñòêîñòü

èçâåñòíî σ0(ξ, η) = a(ξ, η, 0)ρ(ξ, η, 0)

Âîëíîâîå óðàâíåíèå àêóñòèêè

Ptt = ρ(R)a2(R) div(1/ρ(R) gradP)

P(R, t) � ôëþêòóàöèÿ äàâëåíèÿ
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Ïîëóãåîäåçè÷åñêèå êîîðäèíàòû

Óðàâíåíèå ýéêîíàëà

a2(ξ, η, ζ)|∇τ |2 = 1, ζ ≥ 0, τ(ξ, η, 0) = 0, ξ, η ∈ R2

g(x , y , τ) = {gij}i ,j=1,2, |g | = det g , R = (ξ, η, ζ) � äåêàðòîâû,

r = (x , y , τ) � ïîëóãåîäåçè÷åñêèå êîîðäèíàòû

Óðàâíåíèå àêóñòèêè
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p(x , y , τ, t) = P(ξ(x , y , τ), η(x , y , τ), ζ(x , y , τ), t)
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Ïîëóãåîäåçè÷åñêèå êîîðäèíàòû
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Âîëíîâîå óðàâíåíèå

Âîëíîâîå óðàâíåíèå

σptt = (σpτ )τ + (σbpx)x − (σdpx)y − (σdpy )x + (σcpy )y

b = a2g22/|g |, c = a2g11/|g |, d = a2g12/|g | = a2g21/|g |, σ =
√
|g |/(aρ)

ptt = pττ + 2/s(sτpτ + bsxpx − dsypx − dsxpy + csypy )

+(bpx)x − (dpx)y − (dpy )x + (cpy )y

p = w/s, s =
√
σ, s0 =

√
σ0

Óðàâíåíèå Êëåéíà-Ãîðäîíà

wtt = wττ + (bwx)x − (dwx)y − (dwy )x + (cwy )y − qw

q : s q = sττ + (bsx)x − (dsx)y − (dsy )x + (csy )y
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Ïðÿìàÿ è îáðàòíàÿ çàäà÷è

Îáëàñòü R4
+ = R3

+ × (0,∞)

Ïðÿìàÿ çàäà÷à ðàññåÿíèÿ

wtt = wττ + (bwx)x − (dwx)y − (dwy )x + (cwy )y − qw

w(x , y , τ, 0) = wt(x , y , τ, 0) = 0, wx(x , y , 0, t) = −ϕ(x , y , t)

Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ

� ïî ïîëþ wt(x , y , 0, t) = f (x , y , t)

� íàéòè b(x , y , τ), c(x , y , τ), d(x , y , τ), s(x , y , τ)

Ïîñòðîåíèå èçîáðàæåíèÿ ñðåäû

� ïî b(x , y , τ), c(x , y , τ), d(x , y , τ), s(x , y , τ)

� ïîñòðîèòü ãëóáèííûé ðàçðåç a(ξ, η, ζ), ρ(ξ, η, ζ)
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Çàäà÷à ðàññåÿíèÿ â ïðèáëèæåíèè Ãàë¼ðêèíà

2L-ïåðèîäè÷åñêàÿ ñðåäà

w(x , y , τ, t) = wn
m(τ, t)ψn

m(x , y), ψn
m(x , y) = exp{i(λmx + µny)}

λm = πm/Lx , µ
n = πn/Ly , m, n ∈ N = {0,±1, . . . ,±N}

Wtt = Wττ − Q̂(τ)W , τ, t > 0, W (τ, 0) = Wt(τ, 0) = 0, τ > 0

Wτ (0, t) = −Θ′(t), t ≥ 0, W (τ, t) = {wnk
mj }, Θ(t) = θ(t){δ nkmj }

Q̂(τ) = Q(τ) + ΛB(τ)Λ−MD(τ)Λ− ΛD(τ)M + MC (τ)M

S ′′ − Q̂(τ)S = 0, τ > 0, S(0) = S0, S
′(0) = 0

Îáðàòíàÿ çàäà÷à â T -ëîêàëüíîé ïîñòàíîâêå

ïî ñëåäó Wt(0, t) = F (t), t ∈ [0, 2T ], îïðåäåëèòü òåíçîðû B(τ),
C (τ), D(τ), S(τ), τ ∈ [0,T ]
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Çàäà÷è ðàññåÿíèÿ äëÿ ñèñòåìû

Çàäà÷à ðàññåÿíèÿ äëÿ ñèñòåìû Äèðàêà

Z (τ)S = S ′ : Z ′ + Z 2 = Q̂(τ), τ ≥ 0, Z (0) = 0

Vt + Vτ + Z (τ)U = 0, Ut − Uτ − Z (τ)V = 0, τ, t > 0

V (τ, 0) = U(τ, 0) = 0, V (0, t) + U(0, t) = Θ′(t), τ, t ≥ 0

T -ëîêàëüíàÿ ïîñòàíîâêà îáðàòíîé çàäà÷è

ïî ñëåäó U(0, t) = F (t), t ∈ [0, 2T ], îïðåäåëèòü òåíçîð Z (τ),
τ ∈ [0,T ]

Òåîðåìà (1)

Ðåøåíèå îáðàòíûõ çàäà÷ ðàññåÿíèÿ äëÿ óðàâíåíèÿ Êëåéíà-Ãîðäîíà è
ñèñòåìû Äèðàêà åäèíñòâåííî ïðè ëþáîì T > 0
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Vt + Vτ + Z (τ)U = 0, Ut − Uτ − Z (τ)V = 0, τ, t > 0

V (τ, 0) = U(τ, 0) = 0, V (0, t) + U(0, t) = Θ′(t), τ, t ≥ 0

T -ëîêàëüíàÿ ïîñòàíîâêà îáðàòíîé çàäà÷è

ïî ñëåäó U(0, t) = F (t), t ∈ [0, 2T ], îïðåäåëèòü òåíçîð Z (τ),
τ ∈ [0,T ]

Òåîðåìà (1)

Ðåøåíèå îáðàòíûõ çàäà÷ ðàññåÿíèÿ äëÿ óðàâíåíèÿ Êëåéíà-Ãîðäîíà è
ñèñòåìû Äèðàêà åäèíñòâåííî ïðè ëþáîì T > 0
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Ðàçðåøèìîñòü îáðàòíîé çàäà÷è

Áîðíîâñêîå ïðèáëèæåíèå

Z (t) = −F (2t) ∼ z(x , y , τ) = −f (x , y , 2τ)

Èíòåãðàë ýíåðãèè

2〈V ,V 〉L2(Γ) = 〈V ,V 〉L2[0,2T ] − 〈U,U〉L2[0,2T ] ≡ Π

Γ = {τ, t ≥ 0 | τ + t = 2T}
Π = Π(Φ) > 0 � ïîòîê ýíåðãèè íà ãðàíèöå τ = 0 äëÿ èñòî÷íèêà Φ(t)

Êðèòåðèé ðàçðåøèìîñòè îáðàòíîé çàäà÷è

ΠT = inf
Φ
{Π(Φ) | 〈Φ,Φ〉L2[0,2T ] = 1 }

Òåîðåìà (2)

Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ äëÿ ñèñòåìû Äèðàêà íà îòðåçêå [0,T ]
ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà ΠT > 0

À. Áàåâ (ÌÃÓ) Solution of 3d-inverse scattering problem ÖÃÝ 11.10�15.10.2016 12 / 15



Ðàçðåøèìîñòü îáðàòíîé çàäà÷è

Áîðíîâñêîå ïðèáëèæåíèå

Z (t) = −F (2t) ∼ z(x , y , τ) = −f (x , y , 2τ)

Èíòåãðàë ýíåðãèè

2〈V ,V 〉L2(Γ) = 〈V ,V 〉L2[0,2T ] − 〈U,U〉L2[0,2T ] ≡ Π

Γ = {τ, t ≥ 0 | τ + t = 2T}
Π = Π(Φ) > 0 � ïîòîê ýíåðãèè íà ãðàíèöå τ = 0 äëÿ èñòî÷íèêà Φ(t)

Êðèòåðèé ðàçðåøèìîñòè îáðàòíîé çàäà÷è

ΠT = inf
Φ
{Π(Φ) | 〈Φ,Φ〉L2[0,2T ] = 1 }

Òåîðåìà (2)

Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ äëÿ ñèñòåìû Äèðàêà íà îòðåçêå [0,T ]
ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà ΠT > 0

À. Áàåâ (ÌÃÓ) Solution of 3d-inverse scattering problem ÖÃÝ 11.10�15.10.2016 12 / 15



Ðàçðåøèìîñòü îáðàòíîé çàäà÷è

Áîðíîâñêîå ïðèáëèæåíèå

Z (t) = −F (2t) ∼ z(x , y , τ) = −f (x , y , 2τ)

Èíòåãðàë ýíåðãèè

2〈V ,V 〉L2(Γ) = 〈V ,V 〉L2[0,2T ] − 〈U,U〉L2[0,2T ] ≡ Π

Γ = {τ, t ≥ 0 | τ + t = 2T}
Π = Π(Φ) > 0 � ïîòîê ýíåðãèè íà ãðàíèöå τ = 0 äëÿ èñòî÷íèêà Φ(t)

Êðèòåðèé ðàçðåøèìîñòè îáðàòíîé çàäà÷è

ΠT = inf
Φ
{Π(Φ) | 〈Φ,Φ〉L2[0,2T ] = 1 }

Òåîðåìà (2)

Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ äëÿ ñèñòåìû Äèðàêà íà îòðåçêå [0,T ]
ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà ΠT > 0

À. Áàåâ (ÌÃÓ) Solution of 3d-inverse scattering problem ÖÃÝ 11.10�15.10.2016 12 / 15



Èíòåãðàë ýíåðãèè
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Ïîñòðîåíèå èçîáðàæåíèé ñðåäû

b, c, d , s :
√
bc − d2 = a2/

√
|g |, s2 =

√
|g |/(aρ) ⇒ γ = a/ρ

∂R

∂τ
= a(r)

Rx × Ry

|Rx × Ry |
, R = R(r)

a2 =
√
|g |
√
bc − d2,

√
|g | = |Rx × Ry |

∂R

∂τ
=

4
√
bc − d2

Rx × Ry√
|Rx × Ry |

, 0 ≤ τ ≤ T , R|τ=0 = r|τ=0 (1)

Òåîðåìà (3)

Ïóñòü b, c , d , s � ðåøåíèå îáðàòíîé çàäà÷è ðàññåÿíèÿ äëÿ óðàâíåíèÿ
Êëåéíà-Ãîðäîíà, è ñóùåñòâóåò ðåøåíèå R(r) çàäà÷è Êîøè (1). Òîãäà
îäíîçíà÷íî îïðåäåëåíû ôóíêöèè r(R), a(R) è ρ(R)
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