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Âðåìåííîé ðàçðåç ñ èíòåðïðåòàöèåé àêóñòè÷åñêèõ

æåñòêîñòåé è êîýôôèöèåíòîâ îòðàæåíèÿ
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Ìàòåìàòè÷åñêàÿ ìîäåëü

Óðàâíåíèÿ àêóñòèêè

ρ(r)vt = −∇ p, pt = −ρ(r)a2(r) div v, r ∈ R2

ρ � ïëîòíîñòü, a � ñêîðîñòü, σ = aρ � àêóñòè÷åñêàÿ æåñòêîñòü

Âîëíîâîå óðàâíåíèå àêóñòèêè

ptt = ρ(r)a2(r) div(1/ρ(r) grad p)

p(r, t) � ôëþêòóàöèÿ äàâëåíèÿ

Îáëàñòü r ∈ R2
+ = {ξ, η | ξ > 0, −∞ < η <∞}

èçâåñòíû ρ0(η) = ρ(0, η), a0(η) = a(0, η), σ0(η) = a0ρ0
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Óðàâíåíèÿ ãåîìåòðè÷åñêîé îïòèêè

Óðàâíåíèå ýéêîíàëà

a2(ξ, η)|∇x |2 = 1, x(0, η) = 0

Óðàâíåíèÿ ãåîäåçè÷åñêèõ

yξ = −G (ξ, η)xη, yη = G (ξ, η)xξ

Óðàâíåíèå ïåðåíîñà

∇G∇x + G∆x = 0, G (0, η) = 1/ρ0(η)

(ξ, η)→ (x , y)

G .(x , y) = G (ξ(x , y), η(x , y)), ρ.(x , y) = ρ(ξ(x , y), η(x , y))

dy/ dη|ξ=0 = 1/σ0(η), ρ0(η), a0(η), σ0(η)⇒ ρ1(y), a1(y), σ1(y)
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Ïîëóãåîäåçè÷åñêèå êîîðäèíàòû
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Âîëíîâîå óðàâíåíèå â ïîëóãåîäåçè÷åñêèõ êîîðäèíàòàõ

Âîëíîâîå óðàâíåíèå

∂2u

∂ t2
= ρ.G .

∂

∂x

(
1

ρ.G .

∂u

∂x

)
+ ρ.G .

∂

∂y

(
G .

ρ.

∂u

∂y

)
u(x , y , t) = p(ξ(x , y), η(x , y), t)

z utt = z uxx + 2(zxux + czyuy ) + z(cuy )y (1)

c = G .2(x , y), z = 1/
√
ρ.(x , y)G .(x , y)

Ôèçè÷åñêèé ñìûñë êîýôôèöèåíòîâ

z ≈
√
σ1(y)/σ.(x , y), G . ≈ a.(x , y)/σ1(y)
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Çàäà÷à ïîñòðîåíèÿ èçîáðàæåíèé

Îáëàñòü R2+1
+ = {s = (x , y , t) | x > 0, −∞ < y <∞, t > 0}

Çàäà÷à ðàññåÿíèÿ

utt = uxx + 2/z(zxux + czyuy ) + (cuy )y , s ∈ R2+1
+

ux(0, y , t) = −ϕ(y , t), u(x , y , 0) = ut(x , y , 0) = 0

Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ

� ïî ïîëþ u(0, y , t) = f (y , t)

� ïîñòðîèòü âðåìåííîé ðàçðåç c(x , y), z(x , y)

Ïîñòðîåíèå èçîáðàæåíèÿ ñðåäû

� ïî ðàçðåçó c(x , y), z(x , y)

� ïîñòðîèòü ãëóáèííûé ðàçðåç σ(ξ, η), a(ξ, η)
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Çàäà÷à ðàññåÿíèÿ â ïðèáëèæåíèè Ãàë¼ðêèíà

2L ïåðèîäè÷åñêàÿ ñðåäà

Ïóñòü c(x , y), z(x , y) è ϕ(y , t) ÿâëÿþòñÿ 2L-ïåðèîäè÷åñêèìè ïî y :c(x , y)
z(x , y)
ϕ(y , t)

 =
∑
|n|≤N

cn(x)
zn(x)
ϕn(t)

ψn(y), ψn(y) = exp{iµny}, µn = πn/L

uj(x , y , t) =
∑
|n|≤N

ujn(x , t)ψn(y), uj , x(0, y , t) = −
∑
|n|≤N

ϕjn(t)ψn(y)

U = ‖ujn(x , t)‖, Φ = ‖ϕjn(t)‖, Φ(0) = E , M = ‖δjn µn‖

C = ‖cj−n(x)‖, Z = ‖zj−n(x)‖, Z (0) = E , |j , n| ≤ N
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Ïðÿìàÿ è îáðàòíàÿ çàäà÷è ðàññåÿíèÿ

Çàäà÷à ðàññåÿíèÿ äëÿ ãèïåðáîëè÷åñêîé ñèñòåìû

ZUtt = ZUxx + 2Z ′Ux + [U,MCMZ ], x , t > 0

U(x , 0) = Ut(x , 0) = 0, Ux(0, t) = −Φ(t), x , t ≥ 0
(2)

T -ëîêàëüíàÿ ïîñòàíîâêà îáðàòíîé çàäà÷è

ïî ñëåäó U(0, t) = F (t), t ∈ [0, 2T ], ðåøåíèÿ çàäà÷è (2) îïðåäåëèòü
íåïðåðûâíûå ìàòðèöû C (x) > 0, Z (x) > 0, x ∈ [0,T ]

Òåîðåìà 1. Ðåøåíèå îáðàòíîé çàäà÷è ðàññåÿíèÿ åäèíñòâåííî ïðè

ëþáîì T > 0.
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Ðàçðåøèìîñòü îáðàòíîé çàäà÷è

Èíòåãðàë ýíåðãèè

0.5 (〈Z (Vt − Vx),Z (Vt − Vx)〉L2(Γ) + 〈ZMV ,CZMV 〉L2(Γ)) =

− 〈Vt(0, t),Vx(0, t)〉L2[0,2T ] ≡ Π, Γ = {x , t ≥ 0 | x + t = 2T}

Π = Π(Φ) > 0 � ïîòîê ýíåðãèè íà ãðàíèöå x = 0 äëÿ èñòî÷íèêà Φ

Êðèòåðèé ðàçðåøèìîñòè îáðàòíîé çàäà÷è

ΠT = inf
Φ
{Π(Φ) | 〈Φ,Φ〉L2[0,2T ] = 1 }

Òåîðåìà 2. Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ íà îòðåçêå [0,T ] ðàçðåøèìà â
êëàññå {C | C (x) > 0} òîãäà è òîëüêî òîãäà, êîãäà ΠT > 0, ïðè ýòîì

Z (x) > 0. Ðàâåíñòâî ΠT = 0 èìååò ìåñòî, åñëè è òîëüêî åñëè

detZ (T ) = 0.
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Ïîñòðîåíèå èçîáðàæåíèé ñðåäû

Îðòîãîíàëüíîñòü ïîëóãåîäåçè÷åñêèõ êîîðäèíàò

ξx = G .(x , y)ηy , ηx = −G .(x , y)ξy ⇒

(ξx/G .)x + (ξyG .)y = 0, ξ(0, y) = 0, ξx(0, y) = a0(η(y))

(ηx/G .)x + (ηyG .)y = 0, ηx(0, y) = 0, ηy (0, y) = σ0(η(y))
(3)

Òåîðåìà 3. Ïóñòü G .(x , y) > 0 � ðåøåíèå îáðàòíîé çàäà÷è ðàññåÿíèÿ

äëÿ óðàâíåíèÿ (1) â DT = [0,T ]× [−L, L]. Òîãäà íà÷àëüíî-êðàåâàÿ
2L-ïåðèîäè÷åñêàÿ ïî y çàäà÷à (3) îïðåäåëÿåò âçàèìíî-îäíîçíà÷íî

îòîáðàæåíèå r(x , y) = {ξ(x , y), η(x , y)}, ãäå η(y) = g−1(y), à

g(η) =

∫ η

0

dζ/σ0(ζ). Êðîìå òîãî, íà r(DT ) îäíîçíà÷íî îïðåäåëåíû

ôóíêöèè ρ(ξ, η) è a(ξ, η) òàêèå, ÷òî ρ(0, η) = ρ0(η), a(0, η) = a0(η).
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