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Ñëîèñòûå ñðåäû

Êóñî÷íî-ïîñòîÿííûå ñðåäû

Ðèñ. 1. Ðàçðåç ñëîèñòîé êóñî÷íî-ïîñòîÿííîé ñðåäû
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Ñëîèñòûå ñðåäû

Âåðòèêàëüíî-íåîäíîðîäíûå ñðåäû

Ïóñòü ρj , λj , µj = const ïðè zj(x , y) ≤ z ≤ zj+1(x , y), j = 0, 1, . . .

ãðàíèöû ðàçäåëà z = zj(x , y) � ãëàäêèå ôóíêöèè

Nj =
{∂zj
∂x

,
∂zj
∂y

, 1
}
� îáùåå íàïðàâëåíèå èçìåíåíèÿ ρ, λ, µ
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Ñëîèñòûå ñðåäû

Íåïðåðûâíûå íåîäíîðîäíûå ñðåäû

Ïóñòü ρ(r), λ(r), µ(r) ∈ C 1({r ∈ R3 | r = (x , y , z), z ≥ z0(x , y)}), è

∇ρ,∇λ,∇µ � êîëëèíåàðíû, òî åñòü

det J =

∣∣∣∣∣∣
ρx ρy ρz
λx λy λz
µx µy µz

∣∣∣∣∣∣ = 0, rang J = 1 (1)
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Ñëîèñòûå ñðåäû

Ñëîèñòûå âåðòèêàëüíî-íåîäíîðîäíûå íåïðåðûâíûå ñðåäû

De�nition

Óïðóãàÿ ñðåäà íàçûâàåòñÿ ñëîèñòîé âåðòèêàëüíî-íåîäíîðîäíîé, åñëè

âûïîëíåíî óñëîâèå (1) è ñóùåñòâóåò ïîñòîÿííàÿ c > 0 òàêàÿ, ÷òî

ρ2z ≥ c (ρ2x + ρ2y )
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Ñëîèñòûå ñðåäû

Âàæíûå ñëåäñòâèÿ

Ðàññìîòðèì a(r) =
√

(λ+ 2µ)/ρ, b(r) =
√
µ/ρ, σ(r) =

√
(λ+ 2µ)ρ

Corollary

Åñëè óïðóãàÿ ñðåäà ÿâëÿåòñÿ ñëîèñòîé âåðòèêàëüíî-íåîäíîðîäíîé, òî
{ρ(r), a(r), b(r)} ôóíêöèîíàëüíî çàâèñèìû, òî åñòü ñóùåñòâóþò
ôóíêöèè a0(ρ), b0(ρ) òàêèå, ÷òî a(r) = a0(ρ), b(r) = b0(ρ), ãäå ρ = ρ(r)

Òàêèì îáðàçîì, íåèçâåñòíû ρ(r), a0(ρ), b0(ρ) èëè σ(r), a1(σ), b1(σ)
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Îñíîâíûå óðàâíåíèÿ

Óðàâíåíèå êîëåáàíèé

ρ(z)Utt = (λ(z)Uz)z , z > 0 (2)

Óðàâíåíèå â ïåðåìåííûõ âðåìÿ-ýéêîíàë

τ(z) =

∫ z

0

1/a(ζ) dζ, a(z) =
√
λ/ρ

Wtt = Wττ + 2k(τ)Wτ , τ > 0 (3)

k(τ) = σ′/(2σ), σ(τ) =
√
λρ
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Çàäà÷à ðàññåÿíèÿ

Ñèñòåìà Äèðàêà

vt + vτ + k(τ)u = 0, ut − uτ − k(τ)v = 0, τ > 0 (4)
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Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ

Îáðàòíàÿ çàäà÷à äëÿ ñèñòåìû Äèðàêà

Íàéòè k(τ) ∈ C [0,T ] ïî f (t) ∈ C [0, 2T ], ãäå

f (t) = v(0, t)− u(0, t)

{v , u} � ðåøåíèå (4) â D = {τ, t | τ, t > 0} ïðè

v(τ, 0) = u(τ, 0) = 0, v(0, t) + u(0, t) = δ(t)
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Ðàçðåøèìîñòü îáðàòíîé çàäà÷è

Óðàâíåíèå Ãåëüôàíäà-Ëåâèòàíà

Ag ≡ g(x , t) +

x∫
−x

f (|t − τ |) g(x , τ) dτ = f (x + t) + f (|x − t|), (5)

|t| ≤ x ≤ T

Theorem

Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ äëÿ ñèñòåìû Äèðàêà ðàçðåøèìà òîãäà è
òîëüêî òîãäà, êîãäà óðàâíåíèå (5) îäíîçíà÷íî ðàçðåøèìî ïðè ëþáîì
x ∈ [0,T ]
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Ðàçðåøèìîñòü îáðàòíîé çàäà÷è

Ïîëîæèòåëüíàÿ îïðåäåë¼ííîñòü îïåðàòîðà A

T∫
−T

y2(t) dt +

T∫
−T

y(t)

T∫
−T

f (|t − τ |) y(τ) dτ dt > 0, ∀ y(t) ∈ L2[−T ,T ]

Corollary

Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ äëÿ ñèñòåìû Äèðàêà ðàçðåøèìà òîãäà è
òîëüêî òîãäà, êîãäà îïåðàòîð A ïîëîæèòåëüíî îïðåäåë¼í

À. Áàåâ (ÌÃÓ) Solvability of inverse scattering problems ÖÃÝ 29�31.10.2014 11 / 14



Èíòåãðàë ýíåðãèè

∫∫
DT

(∂t(v
2 + u2) + ∂τ (v2 − u2)) dτ dt =

∮
∂D+

T

−(v2 + u2) dτ + (v2 + u2) dt
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Îñíîâíîé ðåçóëüòàò

2

T∫
0

v2(τ, 2T − τ) dτ =

2T∫
0

(v2(0, t)− u2(0, t)) dt = Π(ϕ) (6)

v(0, t) + u(0, t) = ϕ(t), ϕ ∈ C 1[0, 2T ]

Êðèòåðèé ðàçðåøèìîñòè

ΠT = inf
ϕ
{Π(ϕ) | ‖ϕ‖L2[0,2T ] = 1} (7)

Theorem (main)

Îáðàòíàÿ çàäà÷à ðàññåÿíèÿ äëÿ ñèñòåìû Äèðàêà ðàçðåøèìà òîãäà è
òîëüêî òîãäà, êîãäà ΠT > 0
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Î ïîñòðîåíèè èçîáðàæåíèé ñðåäû

Ãèïîòåçà 1 Äëÿ ñðåäû âûïîëíÿåòñÿ çàêîí ñîõðàíåíèÿ ýíåðãèè

Ïðîöåäóðà 1 Çàäàåòñÿ àïðèîðííûé ñêîðîñòíîé ðàçðåç

Ïðîöåäóðà 2 Ðåøàåòñÿ îáðàòíàÿ çàäà÷à ðàññåÿíèÿ

Ïðîöåäóðà 3 Ñòðîèòñÿ èçîáðàæåíèå ñðåäû

Óòâåðæäåíèå 1 Çàäà÷à ïîñòðîåíèÿ âðåìåííîãî ðàçðåçà ðàçðåøèìà
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